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ABSTRACT

This paper investigates the dynamics modeling and structural optimization of an
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space gravitational wave
asymmetric two-stage torsion pendulum designed for drag-free testing in the Taiji mission. detection
This torsion pendulum serves as a critical experimental apparatus for ground-based two-stage torsion pendulum
verification of drag-free control technology in space gravitational wave detection, addressing drag-free
limitations in dynamic stability and parameter applicability found in traditional testbeds. Lagrangian dynamics method
Using the Lagrangian dynamics method, the equations of motion relative to inertial space

are derived and simplified into a linearized dynamics model under the assumption of

small-amplitude oscillations. A state-space approach is further employed to analyze the

system’s free oscillation behavior, with equilibrium stability rigorously assessed through

eigenvalue analysis. Compared to existing approaches, the proposed model significantly

enhances computational efficiency and systematically reveals the influence of key structural

parameters on system stability. The study identifies critical parameter ranges essential

for ensuring system stability, with optimization results demonstrating that proper design

and adjustment of structural parameters can substantially improve system robustness

and performance. Numerical simulations validate the accuracy of the proposed models
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and methods, with the optimization scheme showing clear superiority in enhancing
system performance and simplifying experimental design. This work establishes a rigorous
theoretical framework for ground-based verification of drag-free control technology. It
not only effectively addresses bottlenecks in traditional testbed designs but also offers

innovative guidance for the development of experimental systems in the Taiji mission.

1 Introduction freedom (DOF) [3]. To improve control performance of

For drag-free satellites in space gravitational wave the TM in drag-free satellites for space gravitational

detection missions, maintaining a constant relative  WaV€ detection, verification experiments in a ground

position and attitude between the satellite body and testing environment are necessary to reduce detection

the freely levitating test mass (TM) inside is crucial in mission costs and enhance reliability of drag-free system

typical scientific mode [1, 2]. Therefore, research on the
motion of the TM inside drag-free satellites is a significant
aspect of dynamics study of such systems. Due to limited
hardware capabilities of sensors and actuators and control
methods of drag-free satellites, high-precision control
of the TM can only be achieved in certain degrees of
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[4]. A set of ground-based semi-physical facilities which
makes motion of the TM can be measured by sensors and
controlled by actuators will approximately meet drag-free
condition of the TM in certain DOF, then the TM of
the ground semi-physical system could exhibit dynamical

similarity to that of an on-orbit drag-free satellite [5].
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The torsion pendulum, commonly used in experimental
physics to measure minimal forces or torques, typically
has a structure as shown in Fig. 1(a). The suspension
fiber of torsion pendulum can effectively isolate external
disturbances and reduce the impact of local gravity,
because torsion torque @ directly reflects the effects of
external torques, and suspension state provides a quasi-
free fall condition. Given that a torsion pendulum can
detect extremely small external torques, the effects of
minimal forces and torques on the motion of experimental
facilities installed on it are detectable in ground-based
experimental conditions [6, 7]. Several common torsion
pendulums with different structures have evolved, such as
the two-point support torsion pendulum [8], the inverted
torsion pendulum [9], and the double-fiber pendulum [10]
shown in Figs. 1(b), 1(c), and 1(d) respectively. Except
for the early applications to minimal forces and torques
measurement of the Earth gravitational field [11] and
gravitational constant [12], the characteristics such as
torque balance and recurrent oscillation of the torsion
pendulums have led to applications in measuring the
inertia tensor [4, 13] and calibrating material parameters
[14]. The initial applications of torsion pendulums in
aerospace focused on measuring the inertia tensor [4,
10, 13] and micro-Newton thrusters [15]. Then, with the
proposal of using torsion pendulums as gravitational wave
detection antennas [16, 17] in recent years, the application
of torsion pendulums for the ground-based experiments of
space gravitational wave detection missions has gradually
become a popular field [18-21]. Meanwhile, the multi-
stage torsion pendulum, derived from coaxial or off-axis
cascade-connection of single-stage torsion pendulums, is
more sensitive in measuring of minimal forces because
its DOF's of measurement and control have expanded,
leading to a higher accuracy and a larger measurement
range [6, 22]. As a result, this kind of multi-stage torsion
pendulum has not only reduced errors in micro-newton
thrusters testing [23], inertia tensor measurement [24],

and material parameter calibration [25], but also enabled
experiments for sensor performance testing [26] and the
verification of relativistic effects [27], achieving expected
results.

In space gravitational wave detection missions
constructed by satellite constellations such as the Laser
Interferometer Space Antenna (LISA), every drag-free
satellite has two TMs inside the satellite body. A
single TM can only maintain a drag-free condition
in a particular sensitive DOF, while its stability in
other DOFs is maintained through feedback control
by external devices acting as capacitive sensors and
actuators [28]. In ground-based verification experiments
for space gravitational wave detection, both single-stage
and multi-stage torsion pendulums have been applied to
test the performance of external capacitive sensors for
TMs [19], and to measure noise in torsional DOF's [29].
Ref. [30] has analyzed the impact of ground vibrations
on the low-frequency motion of the torsion pendulum by
comparing the results of the proposed theoretical model
with the experimental measurement results. However,
the research on analytical modeling and analysis for
the torsion pendulum applied in ground-based drag-
free verification experiments is currently insufficient.
Considering the high-precision requirements of drag-free
control, the current torsion pendulum dynamics models
still need improvement in terms of completeness of motion
and accuracy of state prediction. Moreover, due to the
presence of complex disturbance signals such as ground
vibrations, there is also a lack of theoretical research on
the separation of the torsion pendulum motion signals
and external disturbance signals in the experimental
measurement results.

The Taiji Project, with its focus on drag-free control
and ground semi-physical verification testing, is a space
gravitational wave detection plan proposed by Chinese
scientists and has been under implementation for 8 years
[3]. Establishing a ground-based pure gravitational

Fig. 1 Several typical torsion pendulum structures.
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environment is crucial for verifying the free-fall conditions
of the Taiji drag-free system. Similar to LISA, a two-stage
torsion pendulum is designed to establish this ground
semi-physical verification system. However, unlike the
symmetric two-stage torsion pendulum used in LISA [31],
an asymmetric two-stage torsion pendulum is applied as
the ground testing system for Taiji, with its structure
shown in Fig. 2. By employing a non-coaxial cascading of
the two-stage torsion pendulum, the entire experimental
device is expected to provide the desired constrained
conditions in the drag-free DOF. The study on the high
precision states maintenance and transition of the TM
within this two-stage torsion pendulum in drag-free DOF
corresponds to the recovery of drag-free mode in the on-
orbit detection system after the TM is disturbed, and the
transition of drag-free states under active satellite control,
respectively. The advantage of this asymmetric structure
is that it simplifies the configuration of actuators and the
control allocation strategy for the torsion pendulum,
providing a faster control response during drag-free
condition maintenance and transition. In addition, it
can also reduce the coupling between different oscillation
modes of torsion pendulum, especially minimizing the
impact of non-torsional modes on the torsion pendulum
motion [30]. Thus, the state calculation accuracy of
the analytical dynamics model and error suppression
in model simplification will be improved. Compared
with similar ground experiments [31], this asymmetric
two-stage torsion pendulum system can narrow the gap
between calculation results of the analytical model and

Vibration isolation base

Metal fiber
Mirror
P
Balancing weight
Actuators
B
Metal fiber
Test mass
(inside the GRS)

Fig. 2 The structure of the asymmetric two-stage torsion
pendulum.

the motion of the real drag-free system without drastically
simplifying completeness of DOF's in dynamics analysis. It
can also improve the flexibility of actuators configuration
and reduce the control difficulty to achieve high-precision
drag-free control.

However, this asymmetric and non-coaxial design
leads to complexity of dynamic analysis at the same
time, which is worthy of targeted research. During
dynamics analysis, some existing two-stage torsion
pendulum dynamics models are no longer suitable due
to the asymmetric structure. Additionally, the frequency
response characteristics and stability of this new system
are also unknown. To address these problems and offer
suggestions for optimizing torsion pendulum structure
parameters during the design process of the ground
semi-physical testing system, a dynamics model of
this torsion pendulum is established to analyze its
characteristics. Meanwhile, the relationships between
structure parameters and dynamics model characteristics
are derived by adjusting structure parameter values and
analyzing the corresponding dynamics models.

The research objective of this paper is to derive
the dynamics model of the asymmetric two-stage
torsion pendulum for ground semi-physical verification
Additionally,
stability of the torsion pendulum and examines the

experiments. the study analyzes the
impact of its structural parameter values on system
stability. The innovation of this paper lies in three key
aspects:
Firstly,
dynamics model tailored to the asymmetric two-stage

this study establishes a comprehensive

torsion pendulum, overcoming the limitations of existing
models that cannot accommodate asymmetric structures.
Using the Lagrangian dynamics method, a linearized
representation and state-space formulation are derived,
laying the foundation for analyzing dynamic behavior
and optimizing system design.

Secondly, a dedicated stability analysis method
is proposed for the asymmetric torsion pendulum,
addressing the unique challenges posed by its structure.
Through

variations, the study identifies critical factors affecting

simulations and analysis of parameter
stability and formulates criteria for both single-parameter
and multi-parameter scenarios, providing a novel
approach to evaluating dynamic stability in asymmetric
systems.

Thirdly, the research reveals the intrinsic relationship
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(e.g., pendulum

suspension lengths) and the system’s stability. By

between structural parameters
systematically adjusting parameter values and analyzing
the resulting dynamics, the study offers actionable
guidance for optimizing structural parameters in
semi-physical ground verification experiments, enhancing
overall system performance.

Section 2 introduces the operating principle of the two-
stage torsion pendulum system and examines the typical
motion modes of this asymmetric structure. Section 3
derives a simplified linearized dynamics model of the
two-stage torsion pendulum studied in this paper by
Lagrangian dynamics and presents the system state-
space model based on the linearized two-stage torsion
pendulum. Section 4 introduces a stability analysis
method tailored for this system and outlines the stability
criteria concerning single and multiple variations in key
structural parameters based on simulation experiments
and analysis, which provides a deeper understanding
of the system stability and a theoretical foundation for
optimizing the structural parameters in the design of the
two-stage torsion pendulum system. Section 5 concludes
the paper by summarizing the key findings.

2 Preliminary analysis of the asymmetric
two-stage torsion pendulum

2.1 Introduction to the structure and

operating principles

The asymmetric two-stage torsion pendulum studied
in this paper is designed for ground testing of space
gravitational wave detection. It is suspended from a
vibration isolation base at the top of a ground laboratory
vacuum chamber, as shown in Fig. 2. Given the ultra-
low-pressure environment, aerodynamic drag effects
are negligible. Consequently, air resistance is excluded
from dynamics modeling to simplify the analysis while
maintaining fidelity to the experimental conditions. The
main payload of the first-stage torsion pendulum consists
of a horizontal beam that can twist around the suspended
metal fiber, as well as the counterweights and the second-
stage torsion pendulum, which are fixed at each end
of the beam. Electrostatic actuators or micro-thrusters
installed at both ends of the beam serve as driving devices
to control the first-stage pendulum motion. The mirror
fixed on the metal fiber, together with other optical
devices in the ground laboratory, is used to accurately
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measure the torsion angle of the first-stage pendulum.
The main payload of the second-stage torsion pendulum
containing an electrode housing composed of capacitive
sensing and electrostatic control devices (also known as
the Gravity Reference Sensor, GRS [19]), and the freely
levitating TM inside the housing.

In space gravitational wave detection missions with
a multi-satellite constellation, each TM within a drag-
free satellite has a single drag-free DOF, specifically
oriented along the direction of the constellation network.
This orientation is important for inter-satellite laser
communication with another satellite’s TM along the
drag-free DOF. Under ideal condition, two drag-free
DOFs of two TMs within a drag-free satellite form a
60° angle, as depicted in Fig. 3. Therefore, in the ground
semi-physical verification system, when the horizontal
beams of the two sets of two-stage torsion pendulums
are placed at a 120° angle, drag-free DOF of TMs within
the two sets of torsion pendulums form a 60° angle that
is consistent with direction of drag-free DOFs in the
on-orbit system.

Telescope base for
laser communication

. ]
. e
e
’
LW,
.

Fig. 3 Diagram of TMs in drag-free satellite for space
gravitational wave detection.

Free from perturbations and with a stationary
suspension, the metal fiber of torsion pendulum exerts
a tensile force that compensates the gravitational force
of the TM. Thus, the drag-free DOF of TM within the
two-stage torsion pendulum is perpendicular to both the
horizontal beam and the suspending fiber simultaneously.
The electrode housing of the pendulum is capable of
monitoring all translational and rotational DOFs of the
TM and controlling motion of the TM along the drag-
free DOF [19] as the on-orbit detection system does.
To enhance the performance of the electrode housing,
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relative motion between TM and GRS can be neglected
here, and the electrode housing and the freely levitating
TM inside it are considered as a single entity to be the
payload of the second-stage torsion pendulum. In this
condition, it is possible to conduct high-fidelity semi-
physical verification experiments for drag-free control
while control constraints are overcome in some DOF's.
Dynamics modeling and analysis of the ground-based
verification facilities along the drag-free relevant DOF's
provide a comprehensive understanding of the impact
of the torsion pendulum structural parameters on the
perturbed motion of the TM and their effect on its ability
to return to a drag-free condition.

2.2 Structural characteristics and oscillation
modes of the torsion pendulum

Based on the structure of the two-stage torsion pendulum
studied, although the non-coaxial cascading gives the
pendulum a distinctive asymmetric structure, certain
symmetries, such as the distribution of the center of
mass and the positions of actuators, are achieved under
ideal stationary suspension conditions. The existence of
a balancing weight block ensures that the beam of the
first-stage pendulum remains horizontal and the torsion
pendulum’s center of mass is consistently aligned with
the line that the first-stage fiber is situated along.

The main oscillation modes of a typical single-stage
torsion pendulum are described across six DOF's during
dynamics analysis. The motion is decomposed into 2DOFs
pendulum motion modes about the upper suspension
point, 2DOF's pendulum motion modes about the lower
suspension point, 1IDOF torsional motion mode about
the suspension torsion fiber, and 1DOF elastic stretching
oscillation mode along the torsion fiber. However,
according to experimental measurements and theoretical
analysis [32, 33], the influence of the two pendulum
motion modes about the lower suspension point can be
neglected in the dynamics analysis since torsional motion
is the predominant mode. Besides, frictional forces at
the suspension points or between fibers are explicitly
omitted due to system design, which employs the rigidly
fixed balancing weight and high-precision metal fibers
with minimal internal damping. This simplification
aligns with prior studies on torsion pendulums under
vacuum conditions [6, 30], where friction can be negligible
compared to torsional and gravitational effects. Thus,

the motion of a single-stage torsion pendulum primarily
involves four motion modes across 4DOFs.

For the two-stage torsion pendulum studied in
this paper, the non-coaxial cascading structure allows
actuators to be positioned at strategic points on the
first-stage’s beam, enabling direct control of the drag-
free DOF without complex force/torque decoupling.
The actuators of the first-stage pendulum typically
consist of electrostatic actuating devices like parallel-
plate capacitors, or reaction control system such as
micro-thrusters. These actuation devices are located at
opposite ends of the beam and operate simultaneously
so that a control force perpendicular to the beam and
passing through the suspension point of the beam can be
generated to control the pendulum motion in this degree
of freedom. Additionally, a force couple with its center in
the suspension direction can also be generated to control
the torsional motion. However, it does not enable control
of the pendulum motion in another degree of freedom and
the elastic oscillation motion along the torsion fiber. The
electrode housing serving as the actuators of the second-
stage pendulum can theoretically control the 3DOFs
center of mass motion and the 3DOFs attitude motion of
the TM. Nonetheless, since the electrode housing itself
is suspended from the beam via the torsion fiber as
the payload of the second-stage pendulum, its elastic
stretching oscillation motion along the torsion fiber
cannot be controlled by these actuators.

The asymmetric configuration of this two-stage torsion
pendulum simplifies the actuator arrangement and
control allocation strategy, enabling faster response
during drag-free condition maintenance and transitions.
Meanwhile, it can effectively decouple torsional motion
from pendulum swing modes, reducing interference from
non-drag-free DOFs and improving motion prediction
accuracy. However, this asymmetric design also generates
dynamics analysis complexity since the existing dynamics
models for symmetric two-stage pendulums [30] are
inapplicable due to asymmetric inertia and coupling
terms, and deriving a tailored model is required with
redefining reference coordinate systems and addressing
new coupling terms.

Based on the aforementioned analysis, it is both
inappropriate and complex to describe the motion of the
asymmetric two-stage torsion pendulum system by the
center of mass position and Euler angles when analyzing
the dynamics of this system. Instead, the motion should
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be described by appropriately selecting state variables
related to the pendulum swing angle, torsional angle,
and the extension of the metal fiber, in accordance with
the typical motion modes of this asymmetric two-stage
torsion pendulum system.

3 Dynamics modeling of the asymmetric
two-stage torsion pendulum

3.1 Solution and linearization of dynamics
model

Before modeling the dynamics of the asymmetric two-
stage torsion pendulum studied in this paper, it is
essential to select several appropriate reference coordinate
systems based on the requirements of the dynamics
analysis. As shown in Fig. 2, the first-stage pendulum
comprising the beam and the balancing weight and the
second-stage pendulum consisting of the TM and the
electrode housing outside, together form the payload
of the two-stage torsion pendulum system. To better
describe and analyze the motion of the entire torsion
pendulum system in inertial space, referring to LISA
ground semi-physical test [18], the specific definitions of
the selected reference coordinate systems are as follows.

The inertial coordinate system o. The coordinate
system origin is located at the uppermost suspension
point of the torsion pendulum. The axes of this coordinate
system point to the same directions as it is mentioned in
Ref. [30]

Moving coordinate system a (fixed on the
first-stage torsion pendulum). The two-stage torsion

Fig. 4 Reference coordinate systems for dynamics analysis
of the asymmetric two-stage torsion pendulum.
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pendulum researched in this paper has only one beam
in first stage. The coordinate system origin is located at
the end of the beam in the first-stage torsion pendulum,
which is also the suspension point of the second-stage
torsion pendulum. The y,-axis is aligned along the beam,
pointing towards the balancing weight, and is parallel
to the y-axis of the inertial coordinate system o when
the two-stage pendulum is in the initial equilibrium
suspension state. The z,-axis is always parallel to
the direction of the first-stage fiber. The x,-axis is
perpendicular to the beam, forming a right-handed
coordinate system.

Moving coordinate system b (fixed on the
second-stage torsion pendulum). The coordinate
system origin coincides with the center of mass of the
TM. The zp-axis, yp-axis, and zp-axis are aligned with the
three principal inertia axes of the TM, respectively. As
is mentioned in Section 2, relative motion between TM
and GRS is not considered. Therefore, axes directions of
electrode housing are also aligned with three principal
inertia axes of the TM.

In space gravitational wave detection, there is only
small-amplitude motion of the TM near the drag-
free state. Hence the analysis of the asymmetric two-
stage torsion pendulum in a ground-based semi-physical
verification system still satisfies the assumption of small-
amplitude motion, namely, every DOF of the two-stage
torsion pendulum exhibits only small-amplitude motion
around the initial equilibrium suspension condition.
Considering the DOF's involved in a single-stage torsion
pendulum motion [32], some appropriate angles are
chosen to describe the transformation relationship
between the reference coordinate systems so that the
coordinate axes are parallel to that of another frame.
The inertial frame o can be transformed to the moving
frame a, as shown in Fig. 5, in a sequence of rotations
by angles 6,74, pq. Then the frame a is transformed in
the same way to the moving frame b by angles 6, ny, ©p.
The coordinate transformation matrixes are denoted as
R,, and R, respectively.

In order to compute the system Lagrangian in Lagrange
dynamics modeling, state variables that describe the
current motion of the torsion pendulum will be calculated
first based on unit vectors of reference frames. To
concisely illustrate the physical meaning of the selected
state variables, the torsion pendulum structure is
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Fig. 5 Conversion relationship of reference coordinate
systems.

Gy -l

Fig. 6 Position diagram of the center of mass of each stage
torsion pendulum.

projected along the x,-axis of moving frame a as shown
in Fig. 6.

G, represents the position of the center of mass of
the first-stage torsion pendulum which consists of the
beam and balance weight. G, is the centroid position
of the TM. Z denotes the distance along the z,-axis of
moving frame a between the upper suspension point of
the two-stage torsion pendulum and the beam of the first-
stage pendulum, which is also the length of the first-stage
suspension fiber. Z, is the distance along the z,-axis of
moving frame a from the center of mass G, to the beam.
Zp, is the distance from the center of mass Gy to the upper
suspension point of the second-stage torsion pendulum.
Yq is the lateral offset of G, to the first-stage suspension
direction.

The position of G, and Gy in inertial frame o are
denoted as r, and 7y, respectively. 2d means the length
of the beam. m,, m; denote masses of the first-stage and
second-stage torsion pendulum, respectively (the mass of
the suspending fiber is unconsidered). The mass of the
suspending fiber is neglected while the fiber still possesses

elasticity and can stretch during the pendulum motion.
da,0p represent the length changes of the suspending
fibers of the first-stage and second-stage, respectively.
Based on the physical meanings of these state variables
of the two-stage torsion pendulum, r, and 7, can be
calculated as
{ Ta =YaJo — (Z + Za + 0a(1)) k]
Ty = —(Zp + 6o () ey — djg — (Z + 0a(t)) kg

where the subscript “a” and “b” represent unit vectors of

(1)

reference frame a and b, respectively. And the superscript
“0” indicates that unit vectors are projected into the
inertial frame o.

Based on the Poisson formula for the time derivatives
of the unit vectors of moving frames a and b [30],
the angular velocities of the first-stage and second-
stage pendulums with respect to the inertial frame are

denoted as
1/ die . djo dke
I o o ko a
Wa 2(zaxdt+J“th+“xdt @)
1/ die . dje dk?
waQ(zgx dtb—f—ggx dtb+k§>< dtb>

The Lagrangian of the studied two-stage torsion
pendulum is obtained by calculating kinetic and potential
energies of torsion pendulum system, which is given in
Ref. [30]. However, there is some difference for torsion
pendulum studied in this paper. Considering different
structure of first-stage torsion pendulum, rotational
inertia matrix I, of the first-stage pendulum in the
moving frame a is different numerically, but still has same
form since the first-stage pendulum can be considered
symmetric with respect to the plane x, = 0. Then, the
total kinetic energy T of the system is obtained as

T = Kiot,a + Krot,p + Kirans,a + Kirans,b
(LS PRI ¥
+ Malfal® + me|7s|?) (3)

In accordance with the typical motion mode analysis
results of the torsion pendulum system [30, 32], the
calculation of the Lagrangian requires consideration of
the potential energy of the two-stage torsion pendulum,
which primarily consists of the gravitational potential
energy of both stages, the restorative potential energy
due to the torsion of the suspension fibers, and the
elastic potential energy when the fibers undergo elastic
extension. Consequently, the total potential energy U of
the two-stage torsion pendulum system is
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1 1
U =mag2g,a + mMpg2g + ikagoi + 5’%9012,

+ et + shesd? (4)
where the subscripts “a” and “b” denote the respective
potential energies of the first-stage and second-stage of
the pendulum; z4 4,24 represent the relative heights
above the zero-potential-energy reference plane of the
centers of mass of the first stage G, and of the TM
Gy, respectively. When selecting the horizontal plane
where the upper suspension point of the two-stage torsion
pendulum is located as the zero-potential-energy reference
plane, 2,4 4, 24, correspond to the z-axis components of
T4, Th, respectively. k,, kp denote the torsional spring
constants of the suspension fibers for the first-stage and
second-stage, respectively. ke q, ke signify the elastic
coefficients for the elastic extension of the suspension
fibers of the first-stage and second-stage, respectively.

Drawing from the typical motion modes considered in
the dynamic analysis of a single-stage torsion pendulum
[30, 32], and integrating the previously selected reference
frames and coordinate transformation matrices, the
Lagrangian generalized coordinate vector for the two-
stage torsion pendulum system is chosen as q = [04, a4,
©as0a: 06, M6, b, 0] -

While solving the Lagrange equations, the process
is appropriately simplified based on the assumption
of small-amplitude oscillations, thereby yielding a
Lagrangian dynamics model that is more concise and
conducive to analyzing the pendulum motion with
practical physical significance. Since all DOFs of the
two-stage torsion pendulum system studied in this paper
satisfy the conditions of the small-amplitude oscillation
assumption, it follows that every ¢; is infinitesimal
quantity, and its first derivative ¢; and second derivative
G; are bounded. Therefore, higher-order terms involving
the product of any two or more of ¢;,¢;,q; can be
neglected. Namely, the following assumptions hold when
solving the Lagrange equations

sin(q;) ~ q; .
(¢) 9% 1. 8
cos(g;) ~ 1
qi-q; =0
qi-q4; =0

Substituting Eq. (5) into the Lagrange equations and
solving them for each generalized coordinate, the small-
amplitude oscillation assumption from Eq. (5) is applied
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to simplify the process, yielding the free oscillation
equations of motion for the two-stage torsion pendulum
system without considering control and disturbance
effects as Eq. (6):

d /0L oL
m(&J_aq_Q_O ©
where

Q) = (Iaq + Ip,1)0a + Ip 505 + mpddy
+ gc10q + mygZy0y
Q2) = 1oz + Ip2)Tia + La,a%a + I sl
+ gcina + mbgZpme
Q(3) = (o3 + In.3)%a + L5356 + L i
— mpdZyijp + kapa ) )
(4) = —(ma +mp)g + (Mma + myp)da + mpdy
+ ke,a(sa
5) = Ip.500 + Iy.a0y + Mg Zy (00 + 0p)

)

6) = Ip6fia + o770 — MpdZyPa + mugZ(Na + M)
)
)

)

7) = L3330 + 550 + Kooy
= —mpg + Mpda + mplp + mpdl, + ke 0y

(7)

From this linearized results, it is found that motion of
d, is affected by the term —(m, + myp)g and motion of d
is affected by the term —myg, which is not considered in
Ref. [30]. But it makes sense since that payload weight at
each stage of the torsion pendulum indeed affects system
gravitational potential energy, which further affects the
system Lagrangian. The detailed calculation formulas for
the coefficients of certain terms in Eq. (7) can be found
in Eq. (Al) in the Appendix.

Further integrating the application of the two-stage
torsion pendulum in the ground-based semi-physical
verification experiments for space gravitational wave
detection, which is used to simulate the motion of the TM,
the focus of the two-stage torsion pendulum dynamics
model is on the free oscillation motion of its TM,
especially the motion of the TM in the drag-free DOF.
Transforming the generalized coordinates into Cartesian
coordinates can more intuitively depict the motion
of the TM. Similarly, based on the small-amplitude
oscillation assumption, the arc length displacements due
to angular changes can be approximated by translational
displacements. Consequently, the position and attitude
of the TM in the Cartesian inertial coordinate system
can be approximated using the Lagrangian generalized
coordinates as

xrMm ~ —No(Z + Zy) — mZp + pad
yr™ = 0, (Z + Zy) + 02y
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2TM ~ —04 — O0p — 0,d (8¢)
Orm ~ 0, + 6, (8d)
NT™M = Mo + M (8e)
PTM = Qq + Pp (8f)

where xnM, Y™, 2rM denote the position coordinates of
the center of mass G of the TM in the inertial frame o.
The angles 61wz, M, w1TM represent the angles between
the three principal inertia axes of the TM and the z,y, 2
axes of the inertial frame o, respectively.

3.2 State space model of the torsion

pendulum

Based on the Lagrangian dynamics model of the two-
stage torsion pendulum system in Section 3.1 (Eq. (6)),
it can be observed that the motion corresponding to each
generalized coordinate of the two-stage torsion pendulum
is influenced by one or more motion modes corresponding
to other generalized coordinates, indicating that there is
a coupling effect between the various channels of the two-
stage torsion pendulum. To analyze the free oscillation
motion resulting from the TM deviating to varying
degrees from the drag-free state under the influence of
different gravitational wave signals, and based on the
linearized dynamics model obtained under the premise
of satisfying the small-amplitude oscillation assumption,
the state space model of the system is further established
in the state-space to analyze its free oscillation motion
characteristics.

Based on the dynamics modeling results from Eq. (6),
the two-stage torsion pendulum dynamics model is a
linear model with variables ¢ and ¢, and the coefficients
in the equations are related solely to the structural
parameters of the two-stage torsion pendulum. Therefore,
the system state vector can be chosen as = = [g,q]T =
[0, Tas Pas Sas O, M, by O, Bas Tias Bas Oas b, 1ibs P, 0],
and the state equation for the two-stage torsion pendulum
system, without considering control and disturbance
effects, can be established as Eq. (9):

. {Q} _ [Osxs Egyg
q Psys  Ogys

where O denotes the zero matrix, and E signifies the

]w+b (9)

identity matrix. The matrix P and the vector b are
dependent solely on the structural parameters of the two-
stage torsion pendulum, the specific forms of which can
be found in Eqgs. (A2)—(A4) in the Appendix.

Considering the conversion between the position and
attitude coordinates of the TM, as derived from Eq. (8),
and the Lagrangian generalized coordinates, when the
measurable position and attitude coordinates of the two-
stage torsion pendulum constitute the output vector y,
the output equation of the two-stage torsion pendulum
system can be represented as
TTM
Y™
ZTM
Orm
nT™
PT™M

= [Qéxs Oexs| = (10)

where O denotes the zero matrix, and the matrix Q is

0 —(Z+%) d 0 0 Z 0 0

7+ 7, 0 0 0 Z 0 0 0
N 0 0 -1 0 0 0 -1
Q=1 4 0 00 1 0 0 0
0 1 00 0 1 0 0

0 0 1 0 0 0 1 0

(11)
The elements of the vector y in Eq. (10) are directly
measurable under idealized experimental conditions.
A laser interferometry system, integrated with the
mirror mounted on the asymmetric two-stage torsion
pendulum (Fig. 2), enables high-precision displacement
measurement. Leveraging the optical lever principle,
minute displacements are amplified into resolvable
angular variations, allowing precise determination of
the electrode housing’s position and attitude relative
to the inertial frame [31]. Meanwhile, the TM’s
relative position and attitude within the electrode
housing are monitored via capacitive sensing across
multiple electrodes embedded in the housing [19].
These measurements provide real-time data on the
TM’s deviations from its nominal equilibrium position.
Finally, utilizing the coordinate relationships defined in
Section 3.1, the TM’s position and attitude relative to
the electrode housing are transformed into its inertial-
frame coordinates (T, yT™,2TMm) and Euler angles
(6™, NTM, PTM™)-
Incorporating the aforementioned elements, the state
space model of the two-stage torsion pendulum can be
formulated as

{a’cAa:er (12)

where
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Egyg

A= [08X8 08><8:| , C=[Qsxs Opxs] (13)

Pgys
4 Stability analysis and parameters
optimization

4.1 Stability the torsion

pendulum

analysis of

Stability is a prerequisite for the normal operation of a
system. Therefore, when analyzing system characteristics
based on the dynamics model, conducting stability
analysis is an indispensable step. In this section, we
will perform a stability analysis of the system based on
the state space model of the two-stage torsion pendulum
established in Section 3.2.

Incorporating the dynamics model of the two-stage
torsion pendulum from Eq. (6) and the position and
attitude calculation equations for the TM from Eq. (8),
it can be deduced that when all initial values of the
generalized coordinate vector ¢ = [04,Ma, Pasda, Ob, Mbs
Pbs 5b]T
are neglected, the motion state of each channel in the

are zero and control and disturbance effects

two-stage torsion pendulum remains unchanged. The
system will always be at the equilibrium point, and
the two-stage torsion pendulum will perpetually reside
in its initial suspended equilibrium null position. This
equilibrium state corresponds to the TM on a drag-free
satellite platform in orbit being in a drag-free working
condition, and in the absence of gravitational wave signals
or external disturbance effects, the motion state of the
TM relative to the inertial system will remain unchanged
in the short term.

Based on the state space model of the two-stage torsion
pendulum derived from Eq. (12), the system is a linear
time-invariant continuous system under the assumption
of small-amplitude oscillations and neglecting control and
disturbance effects. The system matrix A and the output
matrix C are uniquely determined by the structural
parameters of the two-stage torsion pendulum and remain
constant. Moreover, for this type of homogeneous state
equation without an input vector w, the solution to
the state equation can describe the free motion of the
system influenced solely by the initial state, which
includes the free oscillation motion of the TM in the
two-stage torsion pendulum system after deviating from
the ideal state of undisturbed stationary suspension.
Furthermore, according to the working principle of the
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ground-based semi-physical verification of the two-stage
torsion pendulum, this zero-input response can also
simulate the free oscillation motion of the TM on a drag-
free satellite deviating from the drag-free state due to
gravitational wave signals. However, since the right-hand
side of the system state equation in Eq. (12) includes
an additional constant bias vector b, it is necessary to
first transform the state equation of the two-stage torsion
pendulum into a homogeneous equation form through an
equivalent linear transformation, and then determine the
stability of the two-stage torsion pendulum system based
on the relationship between the eigenvalues of the system
matrix and system stability.

If the system matrix A of the two-stage torsion
pendulum system is non-singular, a new state vector
z = x + A~1b is chosen in a desired form. Taking the
derivative of it will obtain

i=x=Ax+b=A(x+ A 'b) = Az (14)

Thus, according to a linear transformation, a new state
vector z can be selected, and the state equation describing
the free motion of the two-stage torsion pendulum system
can be transformed into the homogeneous equation form
as shown in Eq. (14). Subsequently, the stability of the
transformed system can be analyzed by solving Eq. (14)
or by examining the eigenvalues of its system matrix A.

However, due to the potential for the system matrix
A to be singular under different parameter values of the
two-stage torsion pendulum structure, the inverse of the
system matrix A does not exist, making it impossible
to obtain the system state equation in homogeneous
form through the aforementioned linear transformation
method. When the system matrix A is non-invertible, for
the system state space model represented by Eq. (12), if
there exists an initial value xq of the state vector that
satisfies Axg = —b, substituting it into the state equation
yields

To=Axrg+b=-b+b=0 (15)

Therefore, in this initial state, the state of the two-
stage torsion pendulum system will always remain at
xo without change, namely, g is an equilibrium point
of the system. The prerequisite for the existence of the
equilibrium point @y under this condition is that there is
an initial value of the state variable that satisfies Axy =
—b, which means the non-homogeneous equations Ax =
—b has a solution. Thus, according to the existence and
uniqueness determination conditions of the solution to
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the non-homogeneous equation system, in the case of
a singular system matrix A, for the two-stage torsion
pendulum system to have one or more equilibrium points,
the system matrix A and the constant bias vector b must
satisfy certain conditions.

rank(A) + rank(b) > n (16)

where n represents the dimension of state vector which
equals to 16.

Based on the aforementioned methods for handling
the system state equations under different circumstances,
the procedure for the stability analysis of the two-stage
torsion pendulum system is outlined in Fig. 7. The blue
parts represent the important chain of case discussion, the
yellow parts represent the process of the matrix equations
calculation, the red parts and green parts indicate the
unstable and stable cases of the system respectively.

Following the procedure outlined above, if the system
matrix A is non-singular, an equivalent transformation
can be performed based on the state equation from
Eq. (12). By adopting a new state vector z, the system
state equation can be transformed into the homogeneous
linear equation form, where the system matrix of the new

rank(A) + rank(b) > n

Solve Axy = —b
to obtain the
equilibrium point &

Two-stage torsion
pendulum is unstable

v

Regularization
processing to
determine the type of
equilibrium point

Two-stage torsion
pendulum is
stable/critically stable at
equilibrium point

system remains as matrix A. Consequently, one should
first construct the characteristic polynomial of the system
matrix A, solve the characteristic equation |AI — A| to
obtain the eigenvalues of the system matrix, and then
determine the stability of the system based on the signs
of the real parts of the eigenvalues. The two-stage torsion
pendulum system is considered stable if all eigenvalues
have negative real parts; the system will exhibit sustained
oscillatory motion if all eigenvalues have zero real parts,
meaning the characteristic points are all located on the
imaginary axis of the complex plane; and the system is
unstable, with the free oscillation of the two-stage torsion
pendulum diverging, if there is any eigenvalue with a
positive real part.

4.2 Optimization of structural parameters
on system stability

Based on the stability analysis procedure for the two-stage
torsion pendulum system obtained in Section 4.1, stability
analysis results can be derived for any given values
of the system’s structural parameters. Consequently,
the method of control variables is employed to explore

Stability analysis
procedure of two-stage
torsion pendulum

The singularity of

system matrix A

Reselect state
vector as z

Stable analysis
of new system
z=Az

System stability No

¢ Yes

Two-stage torsion Two-stage torsion
pendulum is stable pendulum is unstable

Fig. 7 Stability analysis procedure for the asymmetric two-stage torsion pendulum system.
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the patterns of stability variation under different
combinations of structural parameter values, to analyze
the impact of the structural parameters on the system
stability. The initial values of the structural parameters
for the two-stage torsion pendulum system are presented
in Table 1. The nominal system structural parameter
values listed in Table 1 are derived from a combination
of LISA mission ground-testing systems and recalibrated
values tailored to the unique asymmetric structure
of the two-stage torsion pendulum for Taiji mission.
Specifically, the initial parameter values are based on
established configurations from LISA mission ground-
based verification experiments [18, 30, 31]. These values
were then adjusted to account for the asymmetric design
and operational requirements of the Taiji mission.

Given the initialized structural parameters, following
the stability analysis procedure for the two-stage torsion
pendulum system, it is determined that the system
matrix A is non-singular. Subsequently, the stability
of the system can be further assessed based on the
distribution pattern of the eigenvalues of the matrix A.
The distribution of the eigenvalues of the system matrix
A under this combination of structural parameter values
is illustrated in Fig. 8.

Based on the distribution of eigenvalues depicted in
Fig. 8, it can be inferred that under the initialized
structural parameters of the two-stage torsion pendulum,
there are eigenvalues of the system matrix with non-
negative real parts, indicating that the system is unstable.
Consequently, when the initial state of the two-stage
torsion pendulum deviates from the ideal stationary
suspension state, its free oscillation motion will gradually
diverge. However, due to the small real parts of the
eigenvalues located in the right half of the complex
plane, the rate of divergence of the system is relatively
slow. When the simulation conditions are set with a
non-zero value for one generalized coordinate ¢, 0 =
1° and zero for all other generalized coordinates, the
simulation results of the pendulum motion, derived from
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Fig. 8 Eigenvalues distribution of system matrix A under
initial structural parameter values.

the dynamics model of the two-stage torsion pendulum
system, are shown in Fig. 9.

To further investigate the impact of structural
parameter variations on the stability of the two-stage
torsion pendulum, based on the working principle of
the two-stage torsion pendulum in ground verification
experiments, the method of control variables is employed
to study the effects of the first-stage fiber length Z and
the second-stage fiber length Z, on system stability,
respectively.

First, the variation in the suspension length of the
first-stage pendulum, that is, the change in the length
of the first-stage fiber Z, is studied for its impact on
the stability of the two-stage torsion pendulum system.
Following the stability analysis procedure outlined in
Section 4.1, the characteristic polynomial |AI — A| of the
system matrix A is solved under the condition that the
system matrix is non-singular, yielding all eigenvalues \;
(i =1,2,---,n) of the system matrix A. The number
of eigenvalues equals the dimension of the system state
vector, which is n = 16. Subsequently, the results of the
count of eigenvalues with positive real parts, negative real

parts, and zero real parts as the first-stage fiber length

Table 1 Initial structural parameter values of the torsion pendulum
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Fig. 9 Free oscillation results of the torsion pendulum with initial structural parameters.

Z varies are statistically analyzed. When the first-stage
fiber length Z is increased from its initial value is given
in Table 1 with a step size h = 0.0005 m and a total
of 1000 different lengths are taken, the corresponding
system matrices A remain non-singular. Therefore, for
each value of the fiber length Z, the number of eigenvalues
of the matrix A with positive real parts, negative real
parts, and zero real parts is obtained, as shown in Fig. 10.

During the variation process of the first-stage fiber
length, changes in the structural parameter values will
induce alterations in the system state space model and
the system matrix A within the state space model. Upon
determining that the system matrix A is non-singular,
it can be observed that for any given fiber length, the
number of eigenvalues with positive, negative, or zero
real parts is always even. Furthermore, it is noted that
the eigenvalues of the system matrix appear in conjugate

pairs. Consequently, by the definition of a normal matrix,
the system matrix A can be verified [34], and it is
concluded that under these circumstances, the system
matrix A must be a normal matrix, satisfying AA" =
AP A, where A" denotes the conjugate transpose of
matrix A.

Furthermore, from Fig. 10, it can be observed that
during the variation process of the first-stage fiber length
Z, the distribution of 16 eigenvalues of the system, when
categorized based on the sign of their real parts under
the current structural parameter values, appears to be
relatively random. The number of eigenvalues with a real
part of zero corresponding to any given fiber length is
relatively small; in most cases, fewer than four out of
the 16 eigenvalues are likely to have a real part of zero.
In contrast, the number of eigenvalues with positive and
negative real parts is comparatively larger. Therefore, by
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Fig. 10 The number of eigenvalues classified by the positive and negative properties of the real part with the parameter Z

changing.

statistically analyzing the distribution of eigenvalues with
positive and negative real parts corresponding to 1000
different values of the first-stage fiber length, a histogram
of their distribution is obtained, as shown in Fig. 11.

0 The column diagram of distribution number of eigenvalues

n I Positive real part
[ Negative real part | 1

[ Zero real part
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Number of eigenvalues

Fig. 11 Histogram of the number distribution of eigenvalues
classified by positive and negative real parts (with first stage
fiber length Z change).

The statistical results depicted in Fig. 11 indicate that
among the 1000 possible values for the fiber length Z,
the probability of exactly 8 out of the 16 eigenvalues
of the system matrix A having a positive real part is
the highest. The number of eigenvalues with a positive
real part varies with different values of the first-stage
fiber length Z, exhibiting a pattern that approximates a
normal distribution. Similarly, the number of eigenvalues
with a negative real part also follows a distribution
pattern that changes with the fiber length Z.

The statistical results regarding the distribution of the
number of eigenvalues were obtained under the condition
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that the first-stage fiber length Z increases uniformly in a
step h = 0.0005 m from an initial value Z = 0.87 m, with
a total of 1000 different lengths being considered, thus
following a uniform distribution Z ~ U(0.87,1.37). If the
distribution of Z is altered, the system dynamics model
and the system matrix A within the state space model will
undergo corresponding changes, and the distribution of
the eigenvalues of the system matrix will also be affected.
By adjusting the parameters of the uniform distribution
that Z follows, or by randomly generating values of Z
within a certain range of variation, one can search for
cases where the number of eigenvalues with negative real
parts is 16. In such cases, all eigenvalues of the system
matrix A are located in the left half of the complex plane,
indicating that the two-stage torsion pendulum system
is stable. Therefore, this method can be used to search
for parameter values within the feasible range of changes
in the first-stage fiber length Z that maintain system
stability, thereby guiding the design of the structural
parameter of the first-stage fiber length.

Following the aforementioned analytical process, the
impact of variations in the second-stage fiber length Z,
on the stability of the two-stage torsion pendulum system
is studied, yielding similar conclusions. The length of the
second-stage fiber Z; is varied starting from the initial
value Z, = 0.76 m that is given in Table 1, increasing
uniformly in a step h = 0.0005 m, with a total of 1000
different lengths considered, thus following a uniform
distribution Z;, ~ U(0.76,1.26). Under the condition that
the system matrix A corresponding to the current value
of the second-stage fiber length Z; is non-singular, it is
also found that the system matrix A must be a normal
matrix, with its eigenvalues appearing in conjugate pairs.
Based on this, the eigenvalues of the system matrix A are
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calculated and the sign of their real parts is statistically
analyzed. Further statistical results indicate that among
the 1000 different values of the second-stage fiber length
Zyp, the number of eigenvalues with negative real parts
among the 16 eigenvalues of the system matrix varies
with different values of the second-stage fiber length
Zy, exhibiting a pattern that approximates a normal
distribution. Therefore, by altering the distribution of the
second-stage fiber length Zj,, one can search for parameter
values within its feasible range of variation that maintain
system stability, thereby optimizing the design of the
structural parameter of the second-stage fiber length Z.

Based on the conclusions regarding the impact of the
first-stage fiber length Z and second-stage fiber length 7,
on the stability of the two-stage torsion pendulum system,
expanding the range of values for these two parameters
and conducting a search can yield parameter values
that result in all eigenvalues of the system matrix A
having negative real parts. Further investigation into the
simultaneous variation of these two structural parameters
reveals the parameter values that maintain system
stability. By searching within the range of variation for
Z ~ U(0.2,5.2) and Z ~ U(0.2,10.2), while keeping
other structural parameters at their initialized values (as
shown in Table 1), the combinations of parameters that
ensure system stability are obtained and illustrated in
Fig. 12.

10
9 -
, Boundary line 1
8 -
-~ Tt ¥ .
g : .- » Boundary line 2
[\]{ 6 ':; 7
%
s Of
&b ?
5 4r .
~ Z
3t )
¢
2t *
1F N
0 6 8 10
Length of Z (m)
Fig. 12 Optimal parameter values for stable two-stage

torsion pendulum systems.

Based on the statistical results of the structural
parameters for stable systems, it can be observed that
when the parameter Z takes values that are relatively
small, approximately within the range of 0.2-0.3 m,

the impact of the parameter Z, on system stability
is comparatively weaker. Subject to the constraints of
the parameter variation range set in the simulation,
Zp, exhibits a multitude of combinations that maintain
system stability as it varies from 0.2 to 10.2 m.
Furthermore, when the values of Z and Z, are situated
above the boundary line 1 and below the boundary line
2 in Fig. 12, and the value of Z is approximately above
1.4 m, a greater number of combinations that ensure the
stability of the two-stage torsion pendulum system can
be obtained within the defined range. Additionally, if
the search ranges for Z and Z, are further expanded,
the enveloped areas defined by these two sections can be
broadened, implying that the range should be semi-open.
To further enhance the optimization space in the
structural design of the two-stage torsion pendulum
system and provide a wider range of selectable system
structural parameters, considering that the distance Z,
from the center of mass G, of the first-stage pendulum
to the beam is determined by factors such as the mass
of the beam, the mass of the counterweights, and the
suspension height of the counterweights, it can offer more
optimization schemes for the system structure design.
Therefore, it is considered as another parameter to be
optimized. By statistically analyzing the values of Z,
that correspond to stable configurations of the two-stage
torsion pendulum system under different value couples
of Z and Zy, the results are illustrated in Fig. 13.
Based on the different values of the three optimization
parameters when the two-stage torsion pendulum system
is stable, with the value of parameter Z, determined, it is
preferable to search for the values of parameter Z and Z
within the envelope range defined by the corresponding
red boundary line to more quickly obtain the combination
of three optimized parameter values that ensure the
stability of the two-stage torsion pendulum. Moreover, as
the value of parameter Z, increases, the envelope range
of the stable value distribution gradually shifts in the
direction of decreasing parameter Z. Since the envelope
range is a semi-open area, as the value of parameter Z,
increases, it becomes easier to obtain a distribution range
of stable parameter values for Z and Z, that occupies
a larger area in the first quadrant. Therefore, in the
design of the two-stage torsion pendulum system, it can
be considered to adjust factors such as the mass of the
beam, the mass of the counterweights, and the suspension
height of the counterweights to increase the distance Z,
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Fig. 13 Parameters combination of stable two-stage torsion pendulum systems.

from the center of mass GG, of the first-stage pendulum  assumption of small-amplitude oscillations, the model
to the beam, thereby providing more optimization space is simplified to obtain a linear model of the two-
for the values of the system structural parameters. stage torsion pendulum. Subsequently, this linear model
is used to describe the asymmetric system in the
5  Conclusions state space, and a stability analysis procedure for

the two-stage torsion pendulum system is summarized
This paper focuses on an asymmetric two-stage suspended  through discussions on the different characteristics of the
torsion pendulum designed for space-based gravitational — system’s matrix. Following this analysis procedure, the
wave detection. Under quasi-free-fall ground-based  system stability under the initial structural parameter
conditions, the torsion pendulum’s dynamics model  values is analyzed. Then, by selecting certain structural
is established using the Lagrangian dynamics method  parameters as optimization variables and examining the
in conjunction with its structural configuration and  distribution of eigenvalues corresponding to changes in
drag-free working conditions. Based on the reasonable  these parameters, it is observed that the distribution

i # £ % it &) Springer

Tsinghua University Press




Dynamics modeling and optimization of an asymmetric two-stage torsion pendulum for drag-free testing ... 119

of eigenvalues, categorized by the sign of their real
parts, exhibits a pattern that approximates a normal
distribution as the structural parameters change. Based
on this, an optimization design approach is proposed
to search for parameter values that ensure system
stability within the feasible range of structural variables.
Furthermore, multiple parameters are considered to
change simultaneously to obtain combinations of
parameter values that ensure system stability, and a
search range for structural parameters that more readily
lead to a stable system is provided, enhancing the
flexibility in the design of the two-stage torsion pendulum
setup. The results obtained in this paper can provide a
theoretical basis for optimizing the parameter values of
the drag-free satellite ground semi-physical verification
system, suppressing the influence of non-primary motion
modes, and thereby enhancing the dynamic similarity
between the ground semi-physical verification system and
the on-orbit drag-free satellite platform.

Appendix

The calculation formulas for the coefficients of certain
terms in Eq. (6) are presented as Eq. (A1):

Loy =1 +ma[(Z + Za)? + y2]

Ia,2 = ISQ + ma(Z + Za)za Ia,3 = Ig?) + mayzzz
Ina = 318 + 318 + mud(Za — Zy)

Iyy = Ity + my[(Z + Z3)? + d]

Iyo =15 + my(Z + Zp)?, Ips = I35 + mpd?
Ib,4 = Ifl —+ meg

Iys = 1Y + myZy(Z + Zy)

Iy = 15 + myZy(Z + Zyy), Tpq = Iy +mpZ?
c1 =ma(Z + Za) +my(Z + Zy)

(A1)
In Eq. (9), the matrix P and the vector b are specified
as Eq. (A2):
[k k kis ki1g ]
T T R
0 kaz  kzs 0 k2 ka
Kz K2 K2 K2
0 ks ks 0 0 k3e  kar
K3 K3 KS KB
ka1 kas ka5 kag
p_ |7 0 0 " K 0 0 i
T | ks 0 0 ksa  kss 0 0 kss
Ks K5 Ks Ks
0 kea  kes 0 0 kes kot 0
KG KG KG KG
0 kza  kz3 0 0 kze iz 0
A K7 K7 i A K7 K7 i
b 0 0 b ke 0 0 k]
11 items 4 items
—— — 7
b=1(0,0,...,0,b4,0,...,0) (A2)

where
K1 = (Iog + Io1)Ipama — Ij smq — (mq + my) I amyd®
k11 = Iy smampgZy — Ip amager
kia = —ke,qlpampd
kis = (Ips — Iya)mamugZy,
k1s = (mq + mp)ke plpad
Koy= (I8 — Iz — Iy3)[(Ino + Ipo) Iy 7 — 15,6]

+ 17 oI 7 + 20 a1y gmydZy + (Lo + Iy 2 )mid® Z;
koo = (Ins + I3 — 153)(Ip 7gc1 — Ip.smugZs)

— (c1d + 1,4)migdZ}
kos = mygZy[(Ins + Ips — I5) (In.r — Ipe)

— Lo amydZy — myd* Z}|
kos = —ko (I alp,7 + InsmpdZy)
kor = ko(Igalp 7 + I empdZy)
Ky = (I35 — Lo — In3)[(Ta2 + I2) o7 — I 6]

+ 12 Iy 7 + 200 a1y mipdZy + (Lo + Ly 2)mpd® Z;
k3o = mygZy[(Ia,2 + Ip2)mudZy + I a1p 6]

— (Ig,alp 7 + Iy smupdZy) gea
kss = mygZy[(La2 + In2 — Ing)mudZy + (In6 — Ip,7) 10,4
kse = —kallj — (Ia2 + In2)1y7]
kst = k[Tt — (Ia2 + To.2) Iy 7]
Ky = (11,2,5 —Toily s — Iy1 Ty a)ma + (ma + my) Iy amyd?
ka1 = mpgd(Iy.ac1 — Iy smpZs)
kas = ke.o(Tando s+ Iyady s — Ipampd® — I 5)
kas = migdZy(Ip.s — Iy 5)
kas = ke (Ifs — To1to s — Taa I a)
by = (Izis —To1lpa — Ip1lpa)mag

+ Iy amipgd? (mg + my)

Ky = (1172,5 —To1lys — Iy1 Ty a)ma + (ma + my) Iy gmyd?
ks1 = mag[(Ia,1 + Iy1)muZy — Iy 5c1]

—mZgd®Zy(mg + mp)
ksa = —ke oy smpd
kss = mamygZy(Ioa + Iyt — Ips) — mygd® Zy(me + mp)
ksg = keplp 5d(ma + mp)
K= (15 —To3—Iy3)[(Ia2 + Ip2)Ip7 — I(iﬁ]

+ 13,4117,7 + 21, 41y 6mpdZy + (1o + Iy o)mid® Z}
koo = (I3 — I3 — I 3) Iy 6gc1

+ [Tz + In2)Tas + Iy — 155)

— Iyacid — IZ JlmygZ,
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kes = kalloalv.e + (Io2 + Ip2)mydZy)

koo

(a2 + Io2 — Ing) (a3 + Ing — I35)

— 12, — Lo amudZy)myg Zy,
ker = —ky[La,adpe + (a2 + Iy 2)mydZy)
Ky = Ig{[Iy7(Ia2 + Io2) — I 6] (I35 — Ias — I3)
+ .734[1;,7 + 214 4 Iy empdZy + (Lo + Iy o)mid? Z2}
kro = I23g[1a aly 7c1 + TpsmyZy(crd — I, 4)
—miZEd(I,2 + Iy )
krs = kal3sl56 — (a2 + In2) In 7]
kre = I55mu9Zs[Iaa(Io; — Ing)
+ (In,6 — La2 — Ip2)mpdZ]
krr = ko{(Ia3 + Ip3)[(Ta2 + Ip2) Ip7 — 15,6]
— 21, a1y smpdZy — 13,4%,7 — (Ioo + Ipo)mid*Z7}
Kg =my(Io1lpamg + Ip11pame — Ilif,ma
— Iy amampd® — I ymid?)
kg1 = mpgd(ma + msp)(Ip.ac1 — Iy smy Zs)
ksa = ke omp[(Io1 + Ip1)Ipa — 113,5]
kss = migdZy(ma +mp)(Ipa — Ips)
ksg = ke p(ma + mb)[Igj — (Ig1+ In1)Ip 4] (A3)
To simplify the notation, p;; represents the elements
of matrix P, where i,j (i = 1,2,---,8;7 =1,2,---,8)
denote the row and column indices of the matrix elements,

respectively. Thus, the matrix P can be expressed as

[(pii 0 0 piu pis5 0 0 pis]

0 p22 p3 0 0 papg par O

0 p32 psz3 0 O p3g p3r O

ps1 O 0 paa psis O 0 pss
P- A4

pst 0 0 psa pss O 0 psg (A4)

0 pe2 pe3 0O O pg psr O

0 pr2 p3 0 0 pw prr O

ps1 0 0 psa pss 0 0 pss]
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